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Abstract
In this paper we shall present a multidimensional invariant Pringsheim core theorem. Conditions on a four-dimensional matrix
transformation that will ensure that the transformed Pringsheim core of a bounded double sequence [x] is contained in the double
Banach core of [x] shall also be presented.
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1. Introduction
In 1930 Knopp introduced the concept of the core of a complex sequence. Following Knopp’s work Patterson
presented a multidimensional definition for the core of a double sequence which is as follows; let P − Cn{x} to be the
least closed convex set that includes all points xk,l for k, l > n; then the Pringsheim core of the double sequence [x] is
the set P−C{x} = ∩∞n=1 P−Cn{x}. Using this definition Patterson also presented the following analogue to the Knopp
core theorem; if A is a nonnegative four-dimensional regular summability matrix, then P−C{Ax} ⊆ P−C{x} for any
bounded sequence [x] for which [Ax] exists. In this paper we shall present conditions on four-dimensional matrices
that leave the Pringsheim core invariant; this will be accomplished by establishing a multidimensional analogue of the
following theorem: In 2000 Yardimci presented the following theorem: Let A = [an,k] be a real matrix and x = [xk]
a real bounded sequence. Then K − core(Ax) = β − core(x) if and only if
(1) A = [an,k] is strongly regular,
(2) limn
∑∞
k=1 |an,k| = 1, and
(3) for every infinite sequence of suffixes pi (i = 1, 2, 3, . . .), the number 1 is a limit point of the sequence
un =∑i an,pi .
In addition, we shall establish a theorem of inclusion between the Banach core and the Pringsheim core.
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2. Definitions, notation and preliminary results
Definition 2.1 (Pringsheim, [10]). A double sequence x = [xk,l ] has Pringsheim limit L (denoted by P- lim x = L)
provided that given  > 0 there exists N ∈ N such that |xk,l − L| <  whenever k, l > N . We shall describe such an
x more briefly as “P-convergent”.
Definition 2.2 (Pringsheim, [10]). A double sequence [x] is called definite divergent if for every (arbitrarily large)
G > 0 there exist two natural numbers n1 and n2 such that |xn,k | > G for n ≥ n1, k ≥ n2.
Definition 2.3 (Patterson, [7]). The double sequence [y] is a double subsequence of the sequence [x] provided that
there exist two increasing double-index sequences {n j } and {k j } such that if z j = xn j ,k j , then y is formed by
z1 z2 z5 z10
z4 z3 z6 −
z9 z8 z7 −
− − − −.
Definition 2.4 (Patterson, [7]). A number β is called a Pringsheim limit point of the double sequence [x] provided
that there exists a subsequence [y] of [x] that has Pringsheim limit β : P- lim[y] = β.
Silverman and Toeplitz in [12] and [13], respectively, presented the notion of regularity for two-dimensional matrix
transformations. The definition is as follows: a four-dimensional matrix transformation is said to be regular if it maps
every convergent sequence into a convergent sequence with the same limit. Following this work Robison in 1926
presented a four-dimensional analogue of regularity for double sequences in which he added an additional assumption
of boundedness. This assumption was made because a double sequence which is P-convergent is not necessarily
bounded. Along these same lines, Robison and Hamilton presented a Silverman–Toeplitz type of multidimensional
characterization of regularity in [1] and [11]. The definition of the regularity for four-dimensional matrices will be
stated next, followed by the Robison–Hamilton characterization of the regularity of four-dimensional matrices.
Definition 2.5. The four-dimensional matrix A is said to be RH-regular if it maps every bounded P-convergent
sequence into a P-convergent sequence with the same P-limit.
Theorem 2.1. The four-dimensional matrix A is RH-regular if and only if
RH1: P- limm,n am,n,k,l = 0 for each k and l;
RH2: P- limm,n
∑∞,∞
k,l=1,1 am,n,k,l = 1;
RH3: P- limm,n
∑∞
k=1 |am,n,k,l | = 0 for each l;
RH4: P- limm,n
∑∞
l=1 |am,n,k,l | = 0 for each k;
RH5:
∑∞,∞
k,l=1,1 |am,n,k,l | is P-convergent; and
RH6: there exist positive numbers A and B such that∑
k,l>B
|am,n,k,l | < A.
In [2] Knopp introduced the concept of the core of a complex number sequence. Following that idea Patterson
presented the following definition of the core of a double sequence in [8].
Definition 2.6. Let P − Cn{x} be the least closed convex set that includes all points xk,l for k, l > n; then the
Pringsheim core of the double sequence [x] is the set P − C{x} = ∩∞n=1 P − Cn{x}.
Using this definition Patterson also presented the following multidimensional analogue of the Knopp Core theorem
in [8].
Theorem 2.2. If A is a nonnegative RH-regular summability matrix, then P − C{Ax} ⊆ P − C{x} for any bounded
sequence [x] for which [Ax] exists.
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Now let us state the definition for absolutely equivalent RH-regular matrices.
Definition 2.7. Two RH-regular matrices A and B are said to be absolutely equivalent for a given class of sequence
[xk,l ] whenever
P- lim
m,n
∞,∞∑
k,l=1,1
(am,n,k,l − bm,n,k,l )xk,l = 0.
In [9] the following proposition, lemma, and theorem characterizing the relationship between absolutely equivalent
matrices and the Pringsheim core appeared.
Proposition 2.1. A necessary and sufficient condition for the RH-regular matrices A = [am,n,k;l ] and B = [bm,n,k;l ]
to be absolutely equivalent for all bounded sequences is that
P- lim
m,n
∞,∞∑
k,l=1,1
|am,n,k,l − bm,n,k,l | = 0.
Lemma 2.1. If two double sequences [sk,l ] and [s′k,l ] are such that
P- lim
k,l
|sk,l − s′k,l | = 0
then P − C{s} = P − C{s′}.
Theorem 2.3. The Pringsheim core of a transformation A = [am,n,k,l ] on a bounded sequence [sk,l ] is contained in
the core of [sk,l ] if and only if A is RH-regular and is absolutely equivalent to a nonnegative matrix B = [bm,n,k,l ]
for all bounded sequences.
The concept of almost convergent sequences (ordinary — single dimensional) was introduced by Lorentz in [3].
Recently Mo´ricz and Rhoades introduced the following notion of almost P-convergent sequences.
Definition 2.8. A double sequence x = [xk,l ] of real numbers is said to be almost P-convergent to a limit s if
P- lim
p,q
sup
m,n≥0
∣∣∣∣∣
1
pq
m+p−1,n+q−1∑
k,l=m,n
xk,l − s
∣∣∣∣∣ = 0,
that is, the average value of [x] taken over any rectangle {(k, l) : m ≤ k ≤ m + p − 1 ∩ n ≤ l ≤ n + q − 1} tends to
s as both p and q tend to infinity in the Pringsheim sense, and this is uniform in m and n.
If a double sequence [x] is almost P-convergent to s then we write f2 − lim x = s and denote the set of almost
P-convergent sequences by f2. Note that a convergent single sequence is also almost convergent; however, this is
not the case for double sequences (i.e. a P-convergent double sequence need not be almost P-convergent). However,
every bounded P-convergent sequence is also almost P-convergent. In [4] Mo´ricz and Rhoades presented a notion of
strongly RH-regular matrices as follows:
Theorem 2.4. Necessary and sufficient conditions for a matrix A = [am,n,k;l ] to be strongly RH-regular are that A is
RH-regular and satisfies the following two conditions:
(1) P- limm,n
∑∞,∞
k,l=0,0 | 10 am,n,k,l | = 0 and
(2) P- limm,n
∑∞,∞
k,l=0,0 | 01 am,n,k,l | = 0
where 10 am,n,k,l = am,n,k,l − am,n,k+1,l and 01 am,n,k,l = am,n,k,l − am,n,k,l+1 for k, l = 0, 1, 2, 3, . . ..
Mursaleen and Edely in [5] considered the following transformation
L∗2(x) = lim sup
p,q
sup
m,n≥0
1
pq
m+p−1,n+q−1∑
k,l=m,n
xk,l
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and defined the double Banach core of a real-valued bounded double sequence [x] to be the closed interval
[−L∗2(−x), L∗2(x)] (denoted β2 − C(x)). Since every bounded P-convergent sequence is also almost P-convergent
it follows that L∗2(x) ≤ P- lim sup x . Thus β2 − C(x) ⊆ P − C(x) for all bounded double sequences. With this
concept Mursaleen and Edely presented the following theorem:
Theorem 2.5. For every bounded double sequence [x], P- lim sup Ax ≤ L∗2(x) (i.e. P − C(Ax) ⊆ β2 − C(x)) if and
only if
(1) A = [am,n,k;l ] is strongly RH-regular and
(2) P- limm,n
∑∞,∞
k,l=1,1 |am,n,k,l | = 1.
In 2000 Yardimci presented the following theorem in [14]:
Theorem 2.6. Let A = [an,k] be a real matrix and x = [xk] be a real bounded sequence. Then K − core(x) =
β2 − core(x) if and only if
(1) A = [an,k] is strongly regular,
(2) limn
∑∞
k=1 |an,k| = 1, and
(3) for every infinite sequence of suffixes pi (i = 1, 2, 3, . . .), the number 1 is a limit point of the sequence
un =∑i an,pi .
In 2004 Orhan and Yardimci presented the following theorem in [6]:
Theorem 2.7. Let [x] be a bounded sequence and let A be a strongly regular matrix. ThenK−core(Ax) ⊆ β−core(x)
if and only if A is absolutely equivalent to a nonnegative strongly regular matrix B for all bounded sequences.
In the next section we shall present multidimensional analogues of Theorems 2.6 and 2.7.
3. Main results
Theorem 3.1. Let A = [am,n,k;l] be a four-dimensional real-valued matrix and [x] a real bounded double sequence.
Then
P − C{Ax} = β2 − C{x}
if and only if
(1) A is strongly RH-regular,
(2) P- limm,n
∑∞,∞
k,l=1,1 |am,n,k,l | = 1, and
(3) for every infinite double sequence of suffices (pi , q j ); i, j = 1, 2, 3, . . ., the following holds
P- lim
m,n
∞,∞∑
i, j=1,1
am,n,pi ,q j = 1.
Proof. Let P − C{Ax} ⊆ β2 − C{x} (i.e. P- lim sup Ax ≤ L∗2(x)). Then Theorem 3.1 of [5] grants us (1) and (2)
holds. Now to establish part (3), let us consider the following double sequence:
xk,l =
{
1, if k = pi and l = q j ; i, j = 1, 2, 3, . . . ,
0, otherwise.
If there exists M such that for k, l > M , xk,l = 0, then P- lim x = 1 and since [x] is a bounded P-convergent sequence
then [x] is almost P-convergent. This implies β2 − C(x) = {1}. However P − C(Ax) ⊆ β2 − C(x) = {1}. Thus
P- lim Ax = 1. Hence
P- lim
m,n
∑
i, j
am,n,pi ,q j = 1.
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Now for the case when β2 − C(x) ⊆ P − C(x), let us consider a P-divergent sequence consisting of only 0’s and
1’s; then P − C(x) = [0, 1]. Therefore there exist two subsequences as in Definition 2.3, say [u] and [v] such that
P- lim u = 1 and P- lim v = 0. Also it is clear that f2 − lim u = 1 and f2 − lim v = 0. Thus
[0, 1] ⊆ β2 − C(x) ⊆ P − C(x) ⊆ [0, 1].
By assumption P − C(Ax) = β2 − C(x) = [0, 1]. Thus (3) is necessary.
Suppose (1) through (3) hold. Then Theorem 3.1 of [5] grants us P − C{Ax} ⊆ β2 − C{x} for all bounded double
sequences. Thus we need only to show that β2 − C{x} ⊆ P − C{Ax}. To achieve this goal we shall show that the set
of f2-limit points of a double sequence [x] is a subset of the set of P-limit points of [Ax]. Let [x] be a bounded double
sequence and let λ be a f2-limit point of [x]. Thus there exist pi and q j such that f2 − limi, j x pi ,q j = λ. Therefore
x pi ,q j can be expressed as x pi ,q j = λ + pi ,q j where f2 − limi, j pi ,q j = 0. Let
D = {(pi , q j ) : i, j = 1, 2, 3, . . .},
D′ = (N×N)\D,
D1 = {(p, q) : 1 ≤ p < ∞ ∩ 1 ≤ q < N¯ },
and
D2 = {(p, q) : N¯ ≤ p < M¯ ∩ N¯ ≤ q < ∞}.
Observe that (3) implies that P- limα,β
∑
(p,q)∈D amα,nβ ,p,q = 1. Let us consider the following transformation
ym,n =
∑
(p,q)∈D
am,n,p,q x p,q +
∑
(p,q)∈D′
am,n,p,q x p,q .
ymα,nβ − λ =
∑
(p,q)∈(D1∪D2)∩D′
amα,nβ ,p,q x p,q +
∑
(p,q)∈((N×N)\(D1∪D2))∩D′
amα,nβ ,p,q x p,q
+
∑
(p,q)∈D
amα,nβ ,p,q x p,q − λ
=
∑
(p,q)∈(D1∪D2)∩D′
amα,nβ ,p,q x p,q +
∑
(p,q)∈((N×N)\(D1∪D2))∩D′
amα,nβ ,p,q(p,q − λ)
+
∑
(p,q)∈D
amα,nβ ,p,q x p,q − λ
=
∑
(p,q)∈(D1∪D2)∩D′
amα,nβ ,p,q x p,q + λ
⎡
⎣ ∑
(p,q)∈((N×N)\(D1∪D2))∩D′
amα,nβ ,p,q − 1
⎤
⎦
+
∑
(p,q)∈((N×N)\(D1∪D2))∩D′
amα,nβ ,p,q(p,q) +
∑
(p,q)∈D
amα,nβ ,p,q x p,q .
Note that RH1, RH3, and RH4 imply that
P- lim
α,β
∑
(p,q)∈(D1∪D2)∩D′
|amα,nβ ,p,q | = 0. (3.1)
Since A is RH-regular and
P- lim
p,q∈((N×N)\(D1∪D2))∩D′
p,q = 0
then clearly
P- lim
α,β
∑
(p,q)∈((N×N)\(D1∪D2))∩D′
amα,nβ ,p,qp,q = 0. (3.2)
Condition (3) implies that
P- lim
α,β
∑
(p,q)∈((N×N)\(D1∪D2))∩D′
amα,nβ ,p,q = 1. (3.3)
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Eq. (3.1) through (3.3) imply
|ymα,nβ − λ| ≤
∑
(p,q)∈D
|amα,nβ ,p,q ||x p,q| + o(1).
Now let us consider the following sum∑
(p,q)∈D
amα,nβ ,p,q .
Since
P- lim
α,β
∞,∞∑
p,q=0,0
|amα,nβ ,p,q | = 1
there exist α ≥ α0 and β ≥ β0 such that
∞,∞∑
p,q=0,0
|amα,nβ ,p,q | ≤ 1 + .
Since
∞,∞∑
p,q=0,0
|amα,nβ ,p,q | =
∑
(p,q)∈D
|amα,nβ ,p,q | +
∑
(p,q)∈D′
|amα,nβ ,p,q |
and (3) implies
P- lim
α,β
∑
(p,q)∈D
|amα,nβ ,p,q | = 1
for α ≥ α1 and β ≥ β1 we are granted the following:∣∣∣∣∣
∑
(p,q)∈D
|amα,nβ ,p,q | − 1
∣∣∣∣∣ < .
In addition, note that
1 −  ≤
∣∣∣∣∣
∑
(p,q)∈D
amα,nβ ,p,q
∣∣∣∣∣ ≤
∑
(p,q)∈D
|amα,nβ ,p,q |
for all α, β ≥ α1(), β1(). Thus for α ≥ max{α0, α1} and β ≥ max{β1, β1} we are granted the following:
1 −  ≤
∑
(p,q)∈D
|amα,nβ ,p,q | ≤ 1 + .
Thus P- limα,β
∑
(p,q)∈D |amα,nβ ,p,q | = 1 which yields
P- lim
α,β
∑
(p,q)∈D′
|amα,nβ ,p,q | = 0. (3.4)
Thus Eqs. (3.1) through (3.4) imply |ymα,nβ − λ| ≤ . Thus λ is a P-limit point of [Ax]. Therefore β2 − C{x} ⊆
P − C{Ax}. This completes the proof. 
The following theorem is a multidimensional analogue of Orhan and Yardimci’s Theorem 1 from [6].
Theorem 3.2. Let [x] be a bounded double sequence, and let A be a strongly RH-regular matrix. Then P −C(Ax) ⊆
β2 − C(x) if and only if A is absolutely equivalent to a nonnegative strongly RH-regular matrix B for all bounded
double sequences.
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Proof. Suppose A is absolutely equivalent to a nonnegative strongly RH-regular matrix for all bounded double
sequences; then by Theorem 3.1 of [5] P − C(Bx) ⊆ β2 − C(x). Also since A and B are absolutely equivalent
then P − C(Ax) = P − C(Bx) by Lemma 3.1 of [9]. Thus P − C(Ax) ⊆ β2 − C(x).
Let [x] be a bounded double sequence and let A be a strongly RH-regular matrix with P − C(Ax) ⊆ β2 − C(x) ⊆
P−C(x); then by Theorem 3.1 of [9] there exists a matrix B that is absolutely equivalent to A. In addition, Proposition
3.1 of [9] grants us
P- lim
m,n
∑
k,l
|am,n,k,l − bm,n,k,l | = 0. (3.5)
Thus it remains only to show the following:
(1) P- limm,n
∑∞,∞
k,l=0,0 | 10 am,n,k,l | = 0 and
(2) P- limm,n
∑∞,∞
k,l=0,0 | 01 am,n,k,l | = 0.
Let us establish (1). Eq. (3.5) and strongly RH-regularity of A grant us the following:
∞,∞∑
k,l=1,1
|bm,n,k,l − bm,n,k,l+1| ≤
∞,∞∑
k,l=1,1
|bm,n,k,l − am,n,k,l | +
∞,∞∑
k,l=1,1
|am,n,k,l+1 − bm,n,k,l+1|
=
∞,∞∑
k,l=1,1
|am,n,k,l − am,n,k,l+1|
=
∞,∞∑
k,l=1,1
|am,n,k,l+1 − bm,n,k,l+1| + o(1).
Now since A is absolutely equivalent it follows that
P- lim
m,n
∞,∞∑
k,l=1,1
|am,n,k,l+1 − bm,n,k,l+1| = 0.
The method needed to establish (2) is the same method as was used in establishing (1) and is thus omitted. This
completes the proof. 
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